Published by Institute of Physics Publishing for SISSA/ISAS Received: March 18, 2003 Accepted: March 28, 2003

Massive gravitino propagator in maximally symmetric spaces and fermions in dS/CFT

L. Anguelova and P. Langfelder

C. N. Yang Institute for Theoretical Physics SUNY at Stony Brook, NY, 11794-3840, USA E-mail: anguelov@insti.physics.sunysb.edu,

plangfel@insti.physics.sunysb.edu

Abstract: We extend the method of calculation of propagators in maximally symmetric spaces (Minkowski, dS, AdS and their euclidean versions) in terms of intrinsic geometric objects to the case of massive spin 3/2 field. We obtain the propagator for arbitrary spacetime dimension and mass in terms of Heun’s function, which is a generalization of the hypergeometric function appearing in the case of other spins. As an application of this result we calculate the conformal dimension of the dual operator in the recently proposed dS/CFT correspondence both for spin 3/2 and for spin 1/2. We find that, in agreement with the expectation from analytic continuation from AdS, the conformal dimension of the dual operator is always complex (i.e. it is complex for every space-time dimension and value of the mass parameter). We comment on the implications of this result for fermions in dS/CFT.

Keywords: Field Theories in Higher Dimensions, Field Theories in Lower Dimensio ns, AdS-CFT and dS-CFT Correspondence.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep032003057 /jhep032003057 .pdf

Contents

1. Introduction 1

2. Background material 3

3. Massive spin 3/2 propagator 4 3.1 Minkowski space 8 3.2 dS space 10 3.3 AdS space 11

4. Fermions in dS/CFT 11

1. Introduction

The recent observational data in favor of the presence of a positive cosmological constant in the universe make it especially important to understand how to formulate consistent theory of all interactions in de Sitter (dS) space. This is highly nontrivial: Quantum field theory in dS presents us with a lot of puzzles [1]–[4], and whether and how they could be resolved in the underlying fundamental theory is not at all clear, as it is still not known how to obtain a stable de Sitter solution in the best-so-far candidate for such a unifying theory — string theory.^1 A key ingredient in the final picture may be holography, which is believed to be an essential feature for any consistent theory of quantum gravity [7, 8]. One realization of this idea is the AdS/CFT correspondence [9, 10, 11], which has been studied in a huge number of cases during the last few years (for a review see [12]). Another is the recently proposed dS/CFT correspondence [13]. Although it is hoped that it may shed light on quantum gravity in de Sitter space, the lack of a clear relation to string theory is hindering an explicit realization of this proposal, and it is largely modeled on analogy with AdS/CFT (see, for example, the prescription for computation of scalar field correlation functions in the boundary theory [14]). There have even been papers arguing that dS/CFT is merely an analytic continuation of AdS/CFT [15, 16]. One should not forget, however, the fundamental differences between physics in dS and AdS. For example,

1Recently there has been a progress in that direction: Fré, Trigiante and Van Proeyen [5] found stable de Sitter vacua in N = 2 supergravity in 4 dimesnions. However, their embedding in string theory is still an open problem. Another exciting recent development is [6], where metastable dS vacua were found in type-IIB string theory.

– 1 – the analytic continuation of the vacuum state in AdS space does not coincide with any of the vacua of de Sitter space.^2 Also, unlike AdS, dS has two boundaries, posing the (as yet unsettled) question whether the dual theory should be thought of as a single CFT [13, 30] or two entangled CFT’s [31].

Field theory in de Sitter space was studied extensively in the ’80s due to interest sparked by inflationary cosmology. A technique of calculation of propagators in maximally symmetric spaces was developed in a series of papers [32, 33, 34]. The main idea is the following: One chooses a basis of bitensors which are invariant under the symmetry group of the space under consideration, and makes an Ansatz for the propagator in terms of these bitensors multiplied by coefficients that are functions only of the geodesic distance. The coefficient functions are then determined so that the propagator satisfies the appropriate field equations and constraints. The original papers considered spins 0 and 1 in arbitrary dimension and also spins 1/2 and 2 in four dimensions. Subsequently these methods were used to find the antisymmetric tensor propagator in dS [35] and also the propagators of various p−forms of interest in supergravity/string theory in AdS [36, 37, 38].^3 However, only quite recently was this method extended to spin 1/2 field in arbitrary dimension [39], and the spin 3/2 field has not been treated so far.^4

Since dS is not a supersymmetric background, it may seem uninteresting to consider the superpartner of the graviton in it. However, if dS is to be reconciled with the current lore of a fundamental theory, i.e. string theory, then the lack of supersymmetry in de Sitter space should be understood as a symmetry which is present in the theory but broken in the specific vacuum state. Given that superymmetry breaking in supergravity leads to massive gravitinos, massive spin 3/2 fields are essential for understanding the effective description of quantum gravity processes in de Sitter space. Motivated by this, we find in this paper the propagator of massive spin 3/2 in an arbitrary dimension. We use this result to test the dS/CFT correspondence.

Much of the literature on dS/CFT is concerned with scalar fields in dS and the prescription for correlators of their dual operators [13, 42, 14]. Only very recently the conformal dimensions of the dual operators for massive spin 1 and spin 2 fields were found [43]. We use the previously known spin 1/2 propagator and the newly found spin 3/2 propagator to calculate the conformal dimensions of the dual operators. In both cases we find, in agreement with analytic continuation, that it is always complex. Namely we find Δ =^{n−1}_2 + im, where n is the dimension of space-time and m is the mass parameter. This, of course, implies that the conjectured dual description would always be nonunitary, unlike in the bosonic case, where there is some limited range of real conformal dimensions for every spin

2As known since [17, 18, 19], there is an infinite one parameter family of de Sitter invariant vacua in dS. Their possible role in the cosmology of the early universe has been explored in [20]–[24] and references therein. In addition the question which one is the most reasonable (physical) vacuum state in dS is still unsettled [25]–[29].

3The basis of bitensor structures used in the AdS/CFT literature differs from the original basis of [32]. We comment more on that in a subsequent footnote.

4Aspects of spin-3/2 propagation were studied already by Lichnerowicz [40]; more recent interesting studies on higher spin fields in constant curvature spaces (e.g., the discovery of partial masslessness and new local gauge invariances) can be found in [41] and references therein.

– 2 – in every dimension of space time.^5 There has already been an indication that the current formulation of the dS/CFT correspondence may be problematic [44], although several works [31, 45] have proposed ways out of this difficulty. In our opinion the lack of unitary dual for fermions is a strong evidence that the correspondence should be reformulated.

This paper is organized as follows. In section 2 we review the invariant bitensors in maximally symmetric spaces and their properties. In section 3 we derive the massive spin 3/2 propagator in arbitrary dimension in a maximally symmetric space. In section 4 we find the conformal dimensions of the dual operators for massive spin 1/2 and spin 3/2 in dS/CFT.

2. Background material

In this section we review the necessary background, first given in [32, 33, 39], that we will use in the next section to find the spin 3/2 propagator in terms of intrinsic geometric objects.^6

We will consider a maximally symmetric space of dimension n. The geometric objects of interest are the geodesic distance μ(x, x^′) between two points x and x^′, the unit tangent vectors n_σ(x, x^′) and n_σ′ (x, x^′) to the geodesic at x and at x^′, respectively, the parallel propagator of vector indices g^μ_ν′ (x, x^′), and the parallel propagator of spinor indices Λ^α_β′ (x, x^′).^7 Let us recall the definition of all these maximally symmetric bitensors. The vectors n_σ, n_σ′ are defined by

n_σ = ∇_σμ(x, x^′) and n_σ′ = ∇_σ′ μ(x, x^′), (2.1)

where ∇_σ is the covariant derivative. It is important to note that

n_σ = −g_σ^{ρ′} n_ρ′ . (2.2)

The parallel propagators of vector and spinor indices satisfy by definition

V^μ(x) = g^μ_ν′ (x, x^′)V^{ν′} (x^′) , Ψ^α(x) = Λ^α_β′ (x, x^′)Ψ^{β′} (x^′) (2.3)

for every parallel-transported vector V^μ(x) and spinor Ψ^α(x), respectively.

The covariant derivatives of the above bitensors, essential for our calculations, are given by

∇_μn_ν = A (g_{μν} − n_μn_ν ) , ∇_μ′ n_ν = C (g_μ′_ν + n_μ′ n_ν ) , ∇_μg_{νρ}′ = −(A + C) (g_{μν} n_ρ′ + g_{μρ}′ n_ν) , ∇_μΛ^α_β′ = 1 2 (A + C)[(Γ_μΓ^ν n_ν − n_μ) Λ]^α_β′ ,

∇_μ′ Λ^α_β′ = − 1 2 (A + C)[(Γ_μ′ Γ^{ν′} n_ν′ − n_μ′ ) Λ]^α_β′ , (2.4)

5It should be noted that the work [3] gives a proof that the SO(d, 1) isometry group of dS cannot have unitary representations living on dS, while our results indicate that the dual CFT should be non-unitary.

6While our treatment is based on refs. [32, 33, 39], the idea of constructing propagators from intrinsic bitensors dates at least back to Lichnerowicz [40].

7Primed indices will always refer to the point x^′ and unprimed ones to x.

– 3 – where A and C are the following functions of the geodesic distance:

for R^n : A(μ) = 1 μ , C(μ) = − 1 μ , for dS : A(μ) = 1 R cot μ R , C(μ) = − 1 R sin(^μ_R ) , for AdS : A(μ) = 1 R coth μ R , C(μ) = − 1 R sinh(^μ_R )

, (2.5)

R being the radius of (A)dS space. The covariant gamma matrices in (2.4) satisfy the usual relation {Γ^μ, Γ^ν } = 2g^{μν} .

In R^n, S^n, H^n every two points are connected by a geodesic, but in pseudo-riemannian spaces this is not the case: a notable counter example is, for instance, the pair x, x^′ in de Sitter space such that the geodesic between x and the antipodal point of x^′ is timelike [46]. Thus the geodesic distance is not a globally defined quantity in the cases of physical interest. This problem can be circumvented in the following way. Let the n-dimensional maximally symmetric space be defined as the set of points in R^{n+1} satisfying:

X^aX^bη_{ab} = R^2 , (2.6)

where η is a flat metric with the appropriate signature. Then for two points x and x^′ connected by a geodesic: cos ( μ(x, x^′) R ) = X^a(x)X^b(x^′)η_{ab} R^2

. (2.7)

Now, introducing the variable z = cos^{2 μ}_{2R} , one obtains: z = 1 2 ( 1 + X^a(x)X^b(x^′)η_{ab} R^2 ) . (2.8)

Clearly (2.8) gives a globaly defined quantity that can be viewed as a ”generalization” of μ. 3. Massive spin 3/2 propagator

Now we turn to the propagator of the massive spin 3/2 field. Let us denote the gravitino field by Ψ^α_λ (x). In a maximally symmetric state | s > the propagator is S^{αβ′}_{λν′} (x, x^′) =< s |Ψ^α_λ (x)Ψ^{β′}_{ν′} (x^′)| s >. The field equations imply that S satisfies ( Γ^{μρλ}D_ρ − m Γ^{μλ} )_α γ S_{λν}′^γ_β′ = δ(x − x^′) √ −g g^μ_ν′ δ^α_β′ . (3.1)

For a massive spin 3/2 and a vanishing source the above field equation implies two constraints (for a very clear recent explanation of this point, see [47]):

Γ^λS_{λν}′ = 0 , D_λ S^λ_ν′ = 0 , (3.2)

– 4 – where we have suppressed the spinor indices for brevity. Using (3.2) and the fact that

Γ^{μνλ} = Γ^μΓ^ν Γ^λ − g^{μν} Γ^λ − g^{νλ}Γ^μ + g^{μλ}Γ^ν , (3.3)

(3.1) becomes Γ^ρD_ρS_{λν}′ + m S_{λν}′ = 0 . (3.4)

For the time being we have set the source to zero, as it complicates the field equations due to its appearance in the constraints (3.2). Hence we will be solving the homogeneous system of equations and the role of the δ-function source term will be in imposing the appropriate boundary conditions at the very end of the computation. Namely we will impose that the solution is singular at μ = 0 and that the strength of the singularity is the same as the one in flat space.^8 This is essentially the strategy followed in all original literature on obtaining of propagators in maximally symmetric spaces in terms of intrinsic geometric objects [32, 33, 39].

The most general Ansatz for the spin 3/2 propagator has 10 tensor structures and we write it in the following form:

S_{λν}′^α_β′ = α(μ) g_{λν}′ Λ^α_β′ + β(μ) n_λn_ν′ Λ^α_β′ + γ(μ) g_{λν}′ (n_σΓ^σΛ)^α_β′ +

+δ(μ) n_λn_ν′ (n_σΓ^σΛ)^α_β′ + ε(μ) n_λ(Γ_ν′ Λ)^α_β′ + θ(μ) n_ν′ (Γ_λΛ)^α_β′ + +τ(μ) n_λ(n_σΓ^σΓ_ν′ Λ)^α_β′ + ω(μ) n_ν′ (n_σΓ^σΓ_λΛ)^α_β′ + +π(μ) (Γ_λΓ_ν′ Λ)^α_β′ + κ(μ) (n_σ Γ^σΓ_λΓ_ν′ Λ)^α_β′ . (3.5)

Substituting it in (3.4) and using (2.4), a rather tedious but straightforward calculation gives a system of 10 equations for the 10 coefficient functions α, . . . , κ in (3.5). It may seem that it does not matter what basis of tensors one would choose for the Ansatz. Namely one could take the term (n · Γ) to be on the right of every term containing other gamma matrices instead of on the left as in (3.5). Or one could take every term in the Ansatz to be symmetric or antisymmetric in the (λ, ν^′) indices, i.e. for example instead of the ε, θ terms in (3.5) one could write ε(μ)n_{(λ}Γ_ν′_) + θ(μ)n_{[λ}Γ_ν′_]. Of course, all these different choices amount to merely rearranging of the terms in the propagator. However, our experience showed that (3.5) gives the simplest equations. All other Ansätze result in equations which are significantly more complicated and more difficult to deal with.^9 Denoting d/dμ ≡^′, we write out the system of equations that (3.4) gives for the coefficient functions in (3.5):

γ^′ + 1 2 (A − C)(n − 1)γ + 2Cθ + mα = 0 (3.6)

δ^′ + 1 2 (A − C)(n + 1)δ − (A + C)(n − 2)θ + mβ = 0 (3.7)

8Solutions we find are automatically convergent at ∞.

9In the literature on AdS/CFT correspondence the widely used basis is a different one, based on derivatives of the chordal distance variable u in AdS [48]. Although it is useful, for example, for decoupling of physical and gauge parts of gauge boson propagators in AdS, for our purposes the original basis of [32] is the more convenient one. The two bases are related by a linear transformation given in [48], whose coefficients are scalar functions of u.

– 5 – α^′ + 1 2 (A + C)(n − 1)α − 2Cω + mγ = 0 (3.8) β^′ − (A − C)β + 1 2 (A + C)(n − 1)β + (A + C)(n − 2)ω + mδ = 0 (3.9)

−(A + C)α + Cβ + τ^′ + [ 1 2 (A − C)(n − 1) + A ] τ − (A + C)(n − 2)π + mε = 0 (3.10)

−(A + C)α + Aβ + ω^′ + [ 1 2 (A − C)(n − 1) + A ] ω + mθ = 0 (3.11) (A + C)γ − Cδ + ε^′ + [ 1 2 (A + C)(n − 1) − A ] ε + (A + C)(n − 2)κ + mτ = 0 (3.12) (A + C)γ − Aδ + θ^′ + [ 1 2 (A + C)(n − 1) − A ] θ + mω = 0 (3.13) Aε − Cθ + κ^′ + [ 2A + 1 2 (A − C)(n − 3) ] κ + mπ = 0 (3.14) −Aτ + Cω + π^′ + 1 2 (A + C)(n − 3)π + mκ = 0 . (3.15)

The constraint (Γ · S)_ν′ = 0 in (3.2) gives the following equations:

α + τ + nπ = 0 β − (n − 2)ω = 0 −2γ + δ + nθ = 0 −γ + ε − (n − 2)κ = 0 . (3.16)

Finally, the constraint (D · S)_ν′ = 0 in (3.2) implies −α^′ − (A + C) ( n − 1 2 ) α + β^′ + A(n − 1)β + ω^′ + [ C + 1 2 (3A + C)(n − 1) ] ω = 0 1 2 (A − C)γ + κ^′ + 1 2 (3A + C)(n − 1)κ + ε^′ + A(n − 1)ε + Cθ = 0 −γ^′ + [ A − (A + C) ( n − 1 2 )] γ + δ^′ + A(n − 1)δ + θ^′ + [ C + 1 2 (A + C)(n − 1) ] θ = 0 − 1 2 (A + C)α + π^′ + 1 2 (A + C)(n − 1)π + τ^′ + A(n − 1)τ + Cω = 0 . (3.17)

Although it would have been a rather daunting task to solve the coupled equations resulting from (3.1), the equivalent system of field equations (3.4) and constraints (3.2), giving (3.6)–(3.17), can be easily reduced to a single second order ordinary differential equation in the following way. We view the functions α, . . . , κ and their derivatives α^′, . . . , κ^′ as independent variables. Setting aside 2 field equations, for example (3.6) and (3.8), and treating the functions α, α^′, γ, γ^′ as known parameters, we are left with an algebraic system of 16 equations (8 field equation and 8 constraints) for 16 “variables” β, β^′, δ, δ^′, . . . , κ, κ^′. This system has a unique solution (we verified the uniqueness by confirming that the determinant of the system of linear equations is nonzero). By substituting this solution, namely the expressions of the rest of the variables in terms of α, α^′, γ, γ^′, in (3.6) and (3.8) we obtain two first order ODEs, which are easily reduced to a single second order ODE, as we will see later.

– 6 –

However, once the coefficient functions and their derivatives are viewed as independent variables, 4 additional constraints appear, namely the equations obtained by taking d/dμ of (3.16). One can check that these 4 equations are linear combinations of the 10 field equations (3.6)–(3.15) and 8 constraints (3.16)–(3.17), so we learn nothing new from them. However, they are much simpler than the 4 constraints (3.17), making it calculationaly preferable to keep the former four equations and drop instead (3.17), which are also linear combinations of (3.6)–(3.15), (3.16) and d/dμ(3.16). Of course, dropping (3.17) as opposed to dropping d/dμ(3.16) produces different algebraic answers, because after setting aside 2 field equations the linear dependency of 4 constraints on the remaining 8 field equations and 8 constraints is lost; the answers coincide for solutions of the two field equations that we have set aside to solve as differential equations. In other words, the different algebaric answers differ from each other only by terms proportional to the two field equations set aside. Whichever algebraic answer one takes may look (and in fact it does look) horrible, because of many terms vanishing for the solutions of the two differential equations that are set aside. Hence the algebraic outcome of the procedure outlined in the previous paragraph should be simplified by imposing on it the two remaining differential equations as algebraic constraints. This is a key observation which makes the calculation feasible; without it the algebraic answers look utterly intractable.

Before giving the algebraic answer for eight of the coefficient functions in terms of the remaining two^{10}, let us make one more observation. The field equations (3.6)–(3.15) obviously split into five ’conjugate’ couples of the form:

x^′ + . . . + my = 0 , y^′ + . . . + mx = 0 , (3.18)

where (x, y) is (α, γ), (β, δ), (ω, θ), (ε, τ) or (π, κ). Hence there are five natural options for the choice of the couple of equations to be solved as differential at the end of the algebraic procedure. It may seem that it is equally easy (or equally difficult) to choose any couple, but we have found that the simplest second order differential equation is obtained for the (π, κ) pair^{11}. Hence we write down the algebraic solutions for α, β, γ, δ, ε, θ, τ, ω in terms of κ and π: ω = 4mC(n − 2)κ + ((A + C)^2(n − 2)^2 − 4m^2)π (n − 2)^2/R^2 + 4m^2 , θ = ((A − C)^2(n − 2)^2 − 4m^2)κ − 4mC(n − 2)π (n − 2)^2/R^2 + 4m^2 , τ = 4mC(n − 2)κ + ((A + C)^2(n − 2)^2 − 4m^2)π (n − 2)^2/R^2 + 4m^2 , ε = ([−(A − C)^2 − 2/R^2](n − 2)^2 − 4m^2)κ + 4mC(n − 2)π (n − 2)^2/R^2 + 4m^2

, (3.19) α = −τ − nπ , β = (n − 2)ω , γ = ε − (n − 2)κ , δ = 2ε + 2(n − 2)κ − nθ , 10Due to the simplification procedure explained in the previous paragraph these expressions do not contain derivatives of the two functions.

11This is actually not true for flat space where the simplest differential equations are obtained for the (β, δ) pair. We will come back to this in Subsection 3.1.

– 7 – where we have used the relation C^2 − A^2 = 1/R^2. Further, from (3.19) we can immediately see that τ = ω and ε + θ = −2κ . (3.20) In view of (3.20) the Ansatz (3.5) becomes:

S_{λν}′^α_β′ = α(μ) g_{λν}′ Λ^α_β′ + β(μ) n_λn_ν′ Λ^α_β′ + γ(μ) g_{λν}′ (n_σΓ^σΛ)^α_β′ + +δ(μ) n_λn_ν′ (n_σΓ^σΛ)^α_β′ + 2 θ(μ) ( Γ_{[λ}n_ν′_]Λ )_{α β′} + +2 ω(μ) ( n_σΓ^σn_{(λ}Γ_ν′_)Λ )_{α β′} + +π(μ) (Γ_λΓ_ν′ Λ)^α_β′ + κ(μ) ( Γ_{[λ}(n · Γ)Γ_ν′_]Λ )_{α β′} . (3.21)

This may seem to suggest that the natural Ansatz to start with is the one in which every term is symmetric or antisymmetric in (λ, ν^′). But we want to stress again that, although counter intuitive, such a starting point produces much more complicated equations and constraints than (3.6)–(3.17).

Using (3.20) the differential equations for κ and π, (3.14) and (3.15), acquire the form:

− (A + C)θ + κ^′ + 1 2 (A − C)(n − 3)κ + mπ = 0 (C − A)ω + π^′ + 1 2 (A + C)(n − 3)π + mκ = 0 , (3.22)

where θ and ω are given in (3.19). Clearly one can solve algebraically the second equation for κ. Differentiating the result one obtains also κ^′ in terms of π, π^′ and π^{′′}. Substituting these in the first equation gives a second order ODE for π(μ). We will consider it both for the cases of dS and AdS spaces in turn. To start with, however, we will consider the flat space case, which can be used to fix the normalization.

3.1 Minkowski space The system of equations (3.6)–(3.15) simplifies significantly for flat space due to A + C = 0 (see (2.5)). One can immediately see that the most convenient pair of differential equations to solve is the pair (3.7) and (3.9) for β and δ, unlike in the curved space case where (as we already mentioned) the natural pair is κ, π.

The equations of motion are

δ^′ + 1 μ (n + 1)δ + mβ = 0 β^′ − 2 μ β + mδ = 0 . (3.23)

Using the second equation to express δ, δ^′ in terms of β, β^′ and β^{′′} and substituting these in the first we obtain: β^{′′} + n − 1 μ β^′ − ( 2n μ^2

+ m^2 ) β = 0 . (3.24)

The solution is β(μ) = B(mμ)^{1−n/2}K_{n/2+1}(mμ) , (3.25) where B is a constant and we have retained only the solution of the Bessel equation which diverges for μ → 0.

– 8 –

To fix B we have to reinsert the source in (3.1) and see what does it give rise to in the constraints and field equations (3.6)–(3.17). Doing so carefully,^{12} one finds that the zero on the righthand side of the first equation in (3.23) changes to

5(n − 2) m^2(n − 1) ( δ^′(x − x^′) μ − δ^{′′}(x − x^′) ) . (3.26)

Denoting the numerical factor^{5(n−2)}_{m2(n−1)} as a, eq. (3.24) becomes β^{′′} + n − 1 μ β^′ − ( 2n μ^2

+ m^2 ) β = a ( δ^′(x − x^′) μ − δ^{′′}(x − x^′) ) . (3.27)

This equation is understood in the sense of distributions. To fix the normalization constant, we multiply (3.27) by μ^2 and use β^{′′} +^{(n−1)}_μ β^′ = □β(μ), giving μ^2□β − ( 2n μ^2

+ m^2 ) β = a ( μδ^′(x − x^′) − μ^2δ^{′′}(x − x^′) ) = −3aδ(x − x^′). (3.28)

We now multiply (3.28) by a test function f(μ) that is regular and non-zero at μ = 0, and integrate the resulting equation over a ball of radius ϵ → 0 centered at μ = 0. Using the following normalization of the Neumann function,

K n_{2 +1}(x) → 2^{n2} Γ (n 2 + 1 ) x^{n2 +1} for x → 0 , (3.29)

we obtain B = 3a (2π)^n2 n(n + 2) = 15(n − 2) m^2(2π)^n2 n(n − 1)(n + 2)

. (3.30)

Having found β, one can find δ from the second equation in (3.23) and the rest of the coefficient functions are expressed in terms of β and δ in the following way:

τ = ω = β n − 2 , π = − ( 1 n − 2 + n + 2 m^2μ^2 ) β + 1 mμ δ , ε = 1 n − 2 ( − 4 mμ β + δ ) , θ = 1 n − 2 ( − 2n mμ β + δ ) , κ = − 1 2 (ε + θ) , α = −τ − nπ , γ = 1 2 (δ + nθ) . (3.31)

Thus, as in the case of other spins, the flat space result is expressed in terms of Bessel functions. We would also like to mention that as the flat space solution suggests, our considerations here (and below for curved space) are strictly valid for the massive case. The massless limit requires a special treatment, as done for spin 1 back in [32], and we will not do that in this paper.^{13}

12The calculation essentially amounts to repeating the one done e.g. in [47], but in arbitrary dimension and with a non-conserved source: in flat space ∇ρJ^ρ_ν′ = n_ν′ δ^′(x − x^′).

13We remind the reader that the constraints we used to reduce the problem of solving ten coupled first order differential equations to solving only two are not present for m = 0.

– 9 –

3.2 dS space Now we are going back to the system (3.22). Substituting A and C from (2.5) and changing to the globally defined variable z = cos^{2 μ}_{2R} (see section 2), we obtain the following equation for π: {[ (n − 2)^2 + 4m^2R^2 ] z^4+ ( 6n − 2n^2 − 4 − 8m^2R^2 ) z^3+ ( n^2 − 2n + 4m^2R^2 ) z^2 } d^2 dz^2 π+ + {[ (n − 2)^2 + 4m^2R^2 ] nz^3 + [ −6m^2R^2n + 4(n − 1)^2 − 3 2 n^3 ] z^2 + + ( n^2 2 − n + 2m^2R^2 ) nz } d dz π+ + {( 5m^2 + n^4 4 + 4m^4 − 6m^2n + 1 + 13 4 n^2 − 3n − 3 2 n^3 + 2n^2m^2R^2 ) z^2 + + ( −4m^4 − 6m^2 + 11 2 n + 5m^2n − 3 + 5 4 n^3 − 1 4 n^4 − 7 2 n^2 − 2n^2m^2R^2 ) z − (3.32)

−m^2R^2(n − 1) + n 4 ( 3n − n^2 − 2 ) } π = 0 .

Making the substitution π(z) = √ z π̃(z), (3.32) becomes: {[ (n − 2)^2 + 4m^2R^2 ] z^2(z − 1) − [ n(n − 2) + 4m^2R^2 ] z(z − 1) } d^2 dz^2 π̃+ { [ n^2(n − 3) + 4 + 4m^2R^2(n + 1) ] z^2 + + [ − 3n^3 2 − 2m^2R^2(4 + 3n) + 2n(n + 1) ] z + n^3 2 − 2n + 2m^2R^2(n + 2) } d dz π̃+ + {[ 4m^4R^4 + n^4 4 − n^3 + 4m^2R^2 + n^2 − 4m^2R^2n + 2n^2m^2R^2 ] z − (3.33) − n^4 4 + n^3 2 − n^2 − 4m^4R^4 − 2n^2m^2R^2 − 4m^2R^2 + 2m^2R^2n + 2n } π̃ = 0 .

This equation is of the type: z(z − 1)(z − a)y^{′′}(z) + { (b + c + 1)z^2 − [b + c + 1 + a(d + e) − e] z + ad } y^′(z) + +(bc z − q)y(z) = 0 , (3.34)

which is known as Heun’s equation [49, 54]. Its solutions, denoted by F (a, q; b, c, d, e; z), have in general 4 singular points z_0 = 0, 1, a, ∞. Near each singularity the function behaves as a combination of two terms that are powers of (z − z_0) with the following exponents: {0, 1 − d} for z_0 = 0, {0, 1 − e} for z_0 = 1, {0, d + e − b − c} for z_0 = a, and {b, c} (that is, z^{−b} or z^{−c}) for z → ∞.

Comparing (3.33) and (3.34), we can read off the parameters for our case: a = n(n − 2) + 4m^2R^2 (n − 2)^2 + 4m^2R^2 , b = n 2 + imR , c = n 2 − imR , d = e = n 2 + 1 q = −^{n4}_4 +^{n3}_2 − n^2 − 4m^4R^4 − 2n^2m^2R^2 − 4m^2R^2 + 2m^2R^2n + 2n (n − 2)^2 + 4m^2R^2

. (3.35)

– 10 –

The propagator is the particular Heun’s function whose singularity at z = 1 (which corresponds to μ = 0) is of the same type as that in flat space, namely z^{− n}2 ∝ μ^{−n}, which singles out the exponent 1 − e = −(n/2). This same argument can also be used to fix the normalization of the propagator, by comparing it with (3.30) via (3.31).

An important property of the propagator for our purposes is its behaviour for z → ∞ (z → ∞ corresponds to going to the boundary of dS). As already mentioned, for z → ∞ Heun’s functions behave as a combination of z^{−b} and z^{−c}, which in view of (3.35) becomes z^{− n}2^{+imR} and z^{− n}2^{−imR}.

The singularity at z = a turns out to be harmless: the exponents at z = a are (using (3.35) again) {0, 2}; namely, the propagator is actually regular at z = a. Also, there is a singularity of the type z^{− n}2 for z → 0. This is not surprising as z = 0 corresponds to x, x^′ being antipodal points of each other. Such “extra” antipodal singularities have also been found in bosonic propagators [32, 46].^{14}

3.3 AdS space

The second order ODE to be solved is the same as (3.33), with R → iR. But the boundary conditions change slightly: One still requires the strength of the singularity at μ → 0 to be as the one in flat space, but now the propagator is required to fall off as fast as possible at spatial infinity [32].

4. Fermions in dS/CFT

In this section we use the previously known result for the propagator of massive spin 1/2 and the massive spin 3/2 propagator that we found in the previous section in order to test dS/CFT correspondence. Namely we will find the conformal dimension of the dual operators for both cases. The advocates of dS/CFT being merely an analytic continuation from AdS/CFT may view this as a check on our result for the spin 3/2 propagator. We start with the simpler case of spin 1/2 and treat it in detail; it turns out that the spin 3/2 case is analogous because the important assymptotic properties of Heun’s functions are very similar to those of the hypergeometric functions.

In the following we will use planar coordinates, in which the metric of de Sitter space reads ds^2 = −dt^2 + e^{−2t}dx_idx^i , (4.1)

where i = 1, . . . , n − 1. These coordinates cover only the half of de Sitter space which includes the past null infinity I^−, where t = −∞. This is the causal past of an observer at the south pole. Following [13], to calculate the conformal dimension of the dual operator we need to find two things: the asymptotics for t → −∞ of the field equation, which gives the asymptotic behavior of the spinor field, and the asymptotics of the spinor propagator in dS. As the field equation for a fermion is /D Ψ = m Ψ , we need the spin connection for

14While the authors of [32] avoid this singularity by choosing a particular (namely the euclidean) vacuum, according to [54] in the case of the Heun’s function this is possible only for certain values of q.

– 11 – the metric (4.1). Introducing the vielbeins

e^0 = dt e^i = e^{−t}dx^i , (4.2)

we find:

ω_i^{j 0} = e^{−t}δ^j_i , (4.3)

with all other components vanishing, except the ones determined by antisymmetry in the upper indices. Hence

/D = e^μ_a Γ^a ( ∂_μ + 1 8 ω^{bc}_μ [Γ_b, Γ_c] ) = Γ^0∂_0 + e^tΓ^i∂_i − n 2 Γ^0 . (4.4)

In the limit t → −∞ we obtain the field equation:

Γ^0∂_tΨ − n 2 Γ^0Ψ = mΨ . (4.5)

Similarly to [50]^{15} we may set Γ^0 = i, working on the space of definite eigenvalues of Γ^0. Then the asymptotic behavior of the spinor field is Ψ(t, ⃗x) → e^{( n2 −im)t}ψ(⃗x) . (4.6) The propagator for spin 1/2 in dS^n is [39]^{16}:

S(x, x^′) = [α(z) + β(z) n_ν Γ^ν ] Λ(x, x^′) , (4.7)

where we have suppressed spinor indices for convenience. The functions α and β in (4.7) are given by: α(z) = λ √ zF (n 2 − imR, n 2 + imR; n 2 + 1; z ) , β(z) = − λ mR √ 1 − z ( zF (n 2 + 1 − imR, n 2 + 1 + imR; n 2 + 2; z ) + + n 2 F (n 2 − imR, n 2 + imR; n 2 + 1; z )) . (4.8)

In (4.8) F is the hypergeometric function and λ is a constant given in eq. (28) of ref. [39], which we will not write down as its explicit form is not necessary for our purposes. For simplicity we will set R = 1, which is already assumed in (4.1). It can be restored easily on dimensional grounds.

15Note that in [50], unlike here, the signature is euclidean. 16This is the solution of the equation [(/D − m)S(x, x^′)]^α_β′ = δ^α_β′ δ(x − x^′)/ √ −g. As explained in [32] the Feynman propagator is limε→0 S(z + iε). For us time ordering is not essential as we only need the limit t, t^′ → −∞.

– 12 –

Now let us calculate the asymptotics of S^α_β′ (x, x^′) for t → −∞. Using (2.8) and the relation between the embedding coordinates X^a (see (2.6)) and the planar coordinates^{17}:

X^0 = sinh t − 1 2 e^{−t}x_ix^i , X^i = e^{−t}x^i , i = 1, . . . , n − 1 , X^n = cosh t − 1 2 e^{−t}x_ix^i , (4.9)

one finds z → − e^{−(t+t′ )} 4 |⃗x − ⃗x^′|^2 . (4.10)

Since (see for ex. [51]) F ( a, b; c; z^{−1} ) → 1 + O ( z^{−1} ) for z → ∞ , (4.11) and F (a, b; c; z) = Γ(c)Γ(b − a) Γ(b)Γ(c − a) (−z)^{−a}F ( a, 1 − c + a; 1 − b + a; z^{−1} ) + + Γ(c)Γ(a − b) Γ(a)Γ(c − b) (−z)^{−b}F ( b, 1 − c + b; 1 − a + b; z^{−1} ) , (4.12)

we obtain S(x, x^′) → ( e^{(t+t′ )Δ̄} C_1 |⃗x − ⃗x^′|^{2Δ̄} + e^{(t+t′ )Δ}

C_2 |⃗x − ⃗x^′|^{2Δ} ) Γ · (⃗x − ⃗x^′) |⃗x − ⃗x^′| , (4.13)

where C_1, C_2 are constant coefficients, whose precise form we don’t need, and Δ = (n − 1)/2 + im, Δ̄ = (n − 1)/2 − im. We have also used the fact that Λ^{α′}_β = δ^{α′}_β on the boundary I^− as this boundary is a flat (n − 1)-dimensional space.

Now that we have all the ingredients we are ready to compute the boundary two-point correlator. Adapting the equivalent of the usual AdS/CFT prescription [52], as proposed in [13] and used in [43], we have to find the coefficient of ψ ψ (see (4.6)) in the amplitude:

(Ψ, Ψ) = lim_{t→−∞} ∫ I^− d^{n−1}x d^{n−1}x^′ [ e^{−(n−1)t} Ψ(t, ⃗x)^↔∂_t S(t, ⃗x; t^′, ⃗x^′)^↔∂_t′ Ψ(t^′, ⃗x^′) ] |_{t=t}′ , (4.14) where e^{−(n−1)t} is the measure factor √ −g. Using (4.6) and (4.13) we obtain:

(Ψ, Ψ) = ∫ I^− d^{n−1}x d^{n−1}x^′ C̃ψ(⃗x)ψ(⃗x ′) |⃗x − ⃗x^′|^{2Δ} Γ · (⃗x − ⃗x^′) |⃗x − ⃗x^′| , (4.15)

where C̃ is an irrelevant constant. Hence we conclude that the two-point correlator of the dual operator O_Ψ is:

⟨O_Ψ(⃗x)O_Ψ(⃗x^′)⟩ = const |⃗x − ⃗x^′|^{2Δ} Γ · (⃗x − ⃗x^′) |⃗x − ⃗x^′| (4.16)

as appropriate for conformal invariance of operators in the spinor representation of O(n−1) [53] with conformal dimension: Δ = n − 1 2 + im . (4.17)

17For an excellent summary of coordinate systems and other useful properties of de Sitter space see [46].

– 13 –

As expected, the boundary correlator is consistent with conformal invariance. However, its conformal dimension is complex for every value of n and m, in agreement with the naive analytic continuation obtained by m → im^{18}. This is not completely surprising: even for the bosons in dS there is a range for the mass in which the conformal dimension is complex^{19}. In the case of bosons, as suggested in [13], one could still avoid nonunitary dual description by assuming that in the full quantum theory of de Sitter space only particles, for which the dual theory is unitary, are stable. Clearly, for fermions there is no such option. Hence one has to either learn how to make sense of a nonunitary dual, or possibly try to modify the current formulation of the correspondence.

The calculation of the conformal dimension of the dual operator for spin 3/2 goes exactly the same way since, similarly to the hypergeometric function, the Heun’s function has a behavior at infinity completely determined by the two exponents b, c: F (a, q; b, c, d, e; z) −→ Const_1z^{−b} + Const_2z^{−c} for z → ∞ . (4.18) Since these exponents are the same (see (3.35)) as the ones that determined the behavior of the spin 1/2 propagator (see (4.8) and (4.12)) we obtain the boundary correlator^{20} const |⃗x − ⃗x^′|^{2Δ} Γ · (⃗x − ⃗x^′) |⃗x − ⃗x^′| ( δ_{ij} − 2(⃗x − ⃗x^′)_i(⃗x − ⃗x^′)_j |⃗x − ⃗x^′|^2 ) (4.19)

with the same conformal dimension as before:

Δ_{s=3/2} = n − 1 2 + im . (4.20)

The form (4.19) agrees with the two-point correlator for spin 3/2 primary field [55]. The same comment as in the spin 1/2 case applies again: there is no meaningful (unitary) dual description for the gravitino either.

Acknowledgments

We thank C. Berger, P. de Smet and M. Roček for conversations. We are especially grateful to P. Grassi and C. Zoubos for valuable discussions. The present work was supported by the Research Foundation under NSF grant PHY-0098527.

References

[1] E. Witten, Quantum gravity in de Sitter space, hep-th/0106109.

[2] T. Banks, W. Fischler and S. Paban, Recurrent nightmares?: measurement theory in de Sitter space, J. High Energy Phys. 12 (2002) 062 [hep-th/0210160].

18Recall that on dimensional grounds the mass is always multiplied by the radius R and to go from AdS to dS one changes R → iR.

19For integral spins s = 0, 1, 2, the following conformal dimensions were found in previous works: Δs=0 = 1 2 (n−1± √ (n − 1)^2 − 4m^2) [13]; Δs=1 =^1_2 (n−1± √ (n − 3)^2 − 4m^2), Δs=2 =^1_2 (n−1± √ (n − 1)^2 − 4m^2) [43]._{20}

As in [43], one also has to use the asymptotic form of g_{μν}′ for z → ∞.

– 14 –

[3] N. Goheer, M. Kleban and L. Susskind, The trouble with de Sitter space, hep-th/0212209. [4] L. Dyson, M. Kleban and L. Susskind, Disturbing implications of a cosmological constant, J.

High Energy Phys. 10 (2002) 011 [hep-th/0208013].

[5] P. Fre, M. Trigiante and A. Van Proeyen, Stable de Sitter vacua from N = 2 supergravity, Class. and Quant. Grav. 19 (2002) 4167 [hep-th/0205119].

[6] S. Kachru, R. Kallosh, A. Linde and S.P. Trivedi, de Sitter vacua in string theory,

hep-th/0301240.

[7] C.R. Stephens, G. ’t Hooft and B.F. Whiting, Black hole evaporation without information loss, Class. and Quant. Grav. 11 (1994) 621 [gr-qc/9310006].

[8] L. Susskind, The world as a hologram, J. Math. Phys. 36 (1995) 6377 [hep-th/9409089]. [9] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[10] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[11] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[12] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[13] A. Strominger, The dS/CFT correspondence, J. High Energy Phys. 10 (2001) 034 [hep-th/0106113].

[14] M. Spradlin and A. Volovich, Vacuum states and the S-matrix in dS/CFT, Phys. Rev. D 65 (2002) 104037 [hep-th/0112223].

[15] K. Skenderis and M. Taylor, Branes in AdS and PP-wave spacetimes, J. High Energy Phys.

06 (2002) 025 [hep-th/0204054].

[16] M. Cadoni and P. Carta, Tachyons in de Sitter space and analytical continuation from dS/CFT to AdS/CFT, hep-th/0211018.

[17] N. Chernikov, E. Tagirov, Quantum Theory of Fields in de Sitter Space-time, Ann. Poincarè Phys. Theor. A9 (1968) 109;

E.A. Tagirov, Consequences of field quantization in de Sitter type cosmological models, Ann. Phys. (NY) 76 (1973) 561.

[18] B. Allen, Vacuum states in de Sitter space, Phys. Rev. D 32 (1985) 3136. [19] E. Mottola, Particle creation in de Sitter space, Phys. Rev. D 31 (1985) 754. [20] U.H. Danielsson, A note on inflation and transplanckian physics, Phys. Rev. D 66 (2002) 023511 [hep-th/0203198].

[21] U.H. Danielsson, Inflation, holography and the choice of vacuum in de Sitter space, J. High Energy Phys. 07 (2002) 040 [hep-th/0205227].

[22] N. Kaloper, M. Kleban, A. Lawrence, S. Shenker and L. Susskind, Initial conditions for inflation, J. High Energy Phys. 11 (2002) 037 [hep-th/0209231].

[23] U.H. Danielsson, On the consistency of de Sitter vacua, J. High Energy Phys. 12 (2002) 025 [hep-th/0210058].

– 15 –

[24] U.H. Danielsson, D. Domert and M. Olsson, Miracles and complementarity in de Sitter space,

hep-th/0210198.

[25] T. Banks and L. Mannelli, de Sitter vacua, renormalization and locality, Phys. Rev. D 67 (2003) 065009 [hep-th/0209113].

[26] M.K. Parikh, I. Savonije and E. Verlinde, Elliptic de Sitter space: dS/Z_2, Phys. Rev. D 67 (2003) 064005 [hep-th/0209120].

[27] M.B. Einhorn and F. Larsen, Interacting quantum field theory in de Sitter vacua, Phys. Rev.

D 67 (2003) 024001 [hep-th/0209159].

[28] A. Casher, P.O. Mazur and A.J. Staruszkiewicz, De Sitter invariant vacuum states, vertex operators and conformal field theory correlators, hep-th/0301023.

[29] K. Goldstein and D.A. Lowe, A note on α-vacua and interacting field theory in de Sitter space, hep-th/0302050.

[30] F. Leblond, D. Marolf and R.C. Myers, Tall tales from de Sitter space. I: renormalization group flows, J. High Energy Phys. 06 (2002) 052 [hep-th/0202094].

[31] V. Balasubramanian, J. de Boer and D. Minic, Exploring de Sitter space and holography, Ann. Phys. (NY) 303 (2003) 59 [hep-th/0207245].

[32] B. Allen and T. Jacobson, Vector two point functions in maximally symmetric spaces, Commun. Math. Phys. 103 (1986) 669.

[33] B. Allen and C.A. Lutken, Spinor two point functions in maximally symmetric spaces, Commun. Math. Phys. 106 (1986) 201.

[34] B. Allen and M. Turyn, An evaluation of the graviton propagator in de Sitter space, Nucl.

Phys. B 292 (1987) 813;

B. Allen, The graviton propagator in homogeneous and isotropic space- times, Nucl. Phys. B 287 (1987) 743.

[35] B. Allen and A. Folacci, The massless minimally coupled scalar field in de sitter space, Phys.

Rev. D 35 (1987) 3771.

[36] I. Bena, The antisymmetric tensor propagator in AdS, Phys. Rev. D 62 (2000) 127901 [hep-th/9910059].

[37] I. Bena, The propagator for a general form field in AdS_{d+1}, Phys. Rev. D 62 (2000) 126008 [hep-th/9911073].

[38] I. Bena, H. Nastase and D. Vaman, Propagators for p-forms in AdS_{2p+1} and correlation functions in the AdS_7/(2, 0) CFT correspondence, Phys. Rev. D 64 (2001) 106009 [hep-th/0008239].

[39] W. Muck, Spinor parallel propagator and Green’s function in maximally symmetric spaces, J.

Phys. A 33 (2000) 3021 [hep-th/9912059].

[40] A. Lichnerowicz, Propagateurs et commutateurs en relativité générale, Inst. Haut. Et. Sc. 10 (1961) 293; Champs spinoriels et propagateurs en relativité générale, Bull. Soc. Math. Fr. 92 (1964) 11.

[41] S. Deser, Gauge invariance with mass: higher spins in cosmological spaces, gr-qc/0202053;

S. Deser and A. Waldron, Inconsistencies of massive charged gravitating higher spins, Nucl. Phys. B 631 (2002) 369 [hep-th/0112182].

– 16 –

[42] R. Bousso, A. Maloney and A. Strominger, Conformal vacua and entropy in de Sitter space, Phys. Rev. D 65 (2002) 104039 [hep-th/0112218].

[43] O.A.P. Mac Conamhna, Massive bosons and dS/CFT, hep-th/0208229. [44] L. Dyson, J. Lindesay and L. Susskind, Is there really a de Sitter/CFT duality, J. High Energy Phys. 08 (2002) 045 [hep-th/0202163].

[45] D. Klemm and L. Vanzo, de Sitter gravity and liouville theory, J. High Energy Phys. 04 (2002) 030 [hep-th/0203268].

[46] M. Spradlin, A. Strominger and A. Volovich, Les houches lectures on de sitter space,

hep-th/0110007.

[47] P.A. Grassi and P. van Nieuwenhuizen, No van Dam-Veltman-Zakharov discontinuity for supergravity in AdS space, Phys. Lett. B 499 (2001) 174 [hep-th/0011278].

[48] E. D’Hoker and D.Z. Freedman, Gauge boson exchange in AdS_{d+1}, Nucl. Phys. B 544 (1999) 612 [hep-th/9809179];

E. D’Hoker, D.Z. Freedman, S.D. Mathur, A. Matusis and L. Rastelli, Graviton and gauge boson propagators in AdS_{d+1}, Nucl. Phys. B 562 (1999) 330 [hep-th/9902042].

[49] A. Polyanin, V. Zaitsev, Handbook of exact solutions for ordinary differential equations, CRC Press, Boca Raton 1995.

[50] M. Henningson and K. Sfetsos, Spinors and the AdS/CFT correspondence, Phys. Lett. B 431 (1998) 63 [hep-th/9803251].

[51] A. Erdelyi, Higher Transcendental Functions, Krieger, Malabar1981. [52] S.B. Giddings, The boundary S-matrix and the AdS to CFT dictionary, Phys. Rev. Lett. 83 (1999) 2707 [hep-th/9903048].

[53] S. Ferrara, R. Gatto, A. Grillo, G. Parisi, The shadow operator formalizm for conformal algebras. Vacuum expectation values and operator products, Lett. Nuovo Cim. 4 (1972) 115.

[54] Heun’s Differential Equations, A. Ronveaux ed., 1995.

[55] G. Sotkov, R. Zaikov, Conformal invariant two and three-point functions for fields with arbitrary spin, Rept. on Math. Phys. 12 (1977) 375.

– 17 –